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1. Introduction 



H I The Schrodinger-Virasoro algebra so is defined to be a Lie algebra with F-basis 

{Ln, Mn, ^„+i \ n E Z} subject to the following Lie brackets: 



[Lm, Ln] = (n - m)Ln+m, [Lm, M„] = nM^+m, [Lm, >^n+i] = (^ H ^ )'i^m+„,+ i , 



1 — m. 



[Mm, Mn] = 0, [i;,+ i , i;+i] = {n- m)Mn,+n+i, [Mm, Y^^] = 0. 

It is easy to see that SD is a semi-direct product of the Witt algebra ^Jito = CL„ 
and the two-step nilpotent infinite-dimensional Lie algebra P) = 0CM„ 0CF„_^_i. 
This infinite-dimensional Lie algebra was originally introduced in [3] by looking at 
the invariance of the free Schrodinger equation in (1+1) dimensions {2Aidt — d^)ilj = 
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0. The structure and representation theory of so have been studied by C Roger 
and J. Unterberger in [11]. The irreducible weight modules with finite-dimensional 
weight spaces over so are classified in [7]. 

In order to investigate vertex representations of so, J. Unterberger (see [14]) in- 
troduced a class of infinite-dimensional Lie algebras so called the extended Schrodinger- 
Virasoro Lie algebra, which can be viewed as an extension of so by a conformal 
current with conformal weight 1. The extended Schrodinger-Virasoro Lie algebra so 
is a vecter space spanned by a basis {L„, M„, Nn, ^„+i | n G Z} with the following 
commutation relations: 
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[Lm, Ln] = (n - m)L„+„, [M„, M„] = 0, [A^^, iV„] = 0, [A^^, M„] = 2M™+„, 
[Y^+i,Y^^i] = {n- m)M„+„+i, [L„, M„] = nM^+m, [Lm, N^] = nN^ 



" n-\-mi 



2 rjj^ 

[Lm, >;+i] = (n + ^— )r„+„+i [Nm, i;+i] = F„+„+i , [Mm, i;_,i] = 0. 

For all m, n G Z. The structure of SO has been studied in [2]. 

Recently, a number of new classes of infinite-dimensional Lie algebras over a field 
of characteristic were discovered by several authors (see [6] [8] [12] [13]). Among 
those algebras , are the generalized Witt algebras, the generalized Virasoro algebras, 
the Lie algebras of generalized Weyl type and the generalized Heisenberg- Virasoro 
algebra. 

Let F be a field of characteristic 0, G an additive subgroup of F, a G F such that 
a ^ G, 2a G G. Motivated by the above algebras, we introduce a new class of Lie 
algebras which are called the generalized Schrodinger-Virasoro Lie algebras which 
include the Schrodinger-Virasoro Lie algebra so as a special case. We use 0SO[G, a] 
to denote the one corresponding to G and a. In this paper we mainly study the 
automorphism group Aut{Q5X)[G ^ a]) and the irreducibility of Verma modules over 
the generalized Schrodinger-Virasoro Lie algebra 0SO[G, a]. 

The paper is organized as follows. In section 2, we introduce the generalized 
Schrodinger-Virasoro Lie algebra 0SO[G,q;]. The necessary and sufficient conditions 
of isomorphism between two of these algebras are determined. In section 3, we 
determine the automorphism group of gso[G, a]. In section 4, a Verma module 
V{c,h) over the generahzed Schrodinger-Virasoro Lie algebra gso[G,Q;] is defined 
and its irreducibility is completely determined. 

Throughout the article, we denote Z the set of integers, N the set of non-negative 
integers. 

2. Generalized Schrodinger-Virasoro algebras 

Let F be a field of characteristic 0, G an additive proper subgroup of F, a G F 
satisfying a ^ G while 2a G G. We set Gi = a + G and T = G U Gi. It is obvious 
that T is an additive subgroup of F. In this section we want to make a natural 



generalization of Schrodinger-Virasoro algebra so, this leads us to the following 
definition. 

Definition 2.1. The generalized Schrodinger-Virasoro algebra 0St)[G,Q;] is defined 
to be the Lie algebra with F basis {L^, M„, Y^+a I u ^ G} subject to the following 
Lie brackets: 

u 

[Lu, Ly\ = [v — ujLu+vi [Lui M^\ = vMu+vj [Lu, Y^+a\ = [v + a — —)i «+!;+«, 

[M„, M,] = 0, [y;+„, n+j = {v- u)Mu+v+2a, [M„, y;+j = o. 

It is straightforward to see that gsD [G, a] is T-graded: 

QS>o[G,a] = ^QS^[G,a]^, 

where 

' FL^©FM^, xeG, 



The homogenous spaces are the root spaces according to the Cartan subalgebra 
Q5V[G,a]o. 

One can see that if G = Z and a = ^, then the generalized Schrodinger Virasoro 
algebra gsD [G, a] is nothing but the Schrodinger Virasoro algebra 5t) defined by 
Henkle in [3]. 

Denote L = FL„, M = FM„, F = Fr„+^, I = M®Y. Obviously, L is 
ueG ueG veG 

the centerless generalized Virasoro algebra (see [12]). M and / are ideals of L. 

Lemma 2.2. / is the unique maximal ideal of g50[G', a]. 

Proof. It is obvious that / is an ideal of gs\j[G, a]. Moreover, J is a maximal ideal 
of gsolG, a] since gsv[G, a] /I is a simple generalized Witt algebra. 

Now suppose Ji is another maximal ideal of gs\j[G, a], we need to prove Ji = /. 

\fz G /i, -2 7^ 0, suppose z = I + x + y, where I E L,x E M, y E Y. Assume / 7^ 0. It 
is obvious that 7^ adM^{z) G M fl Ji for any 7^ f G G by using the Lie bracket 
of0Sti[G, a]. Suppose 

zo = adM^{z) = aiM„i + a2M„2 H h anMu„. 

It is well known that the submodules of weight module are also weight modules, 
thus all homogeneous components of Zq are contained in Ji, hence we can find 
some element 7^ -u G G such that M„ G Ji. Thus M C /^ due to the fact 

[L„, Mu] = uMu+v G /i for any v E G. Then 

0^ z =l + y e h. 



li y = 0, z = I E h, this implies that Ji = 05t)[G,a], which is a contradiction. 
Suppose y ^ 0. Since [Ya+v, I + y] C (M © F) fl Ji for any v E G and M C J^, we 
claim that there exists some ^ y E Ii CiY. Then all homogeneous components 
of y are contained in Ji. This implies that Y C Ii,l E /i, and therefore L C /i. 
Therefore Ji = gsofC, a], which is a contradiction. Thus I = 0,z = m + y. So 
Ji C M © y = /. By the maximality of / and Ji, we have Ii = I. D 

Let G be another additive proper subgroup of F, a E F, such that a ^ G ,2a E 
G'. Denote G[ = a + G' , T' = G' U G[. 

Correspond to G and G , there are two generalized Virasoro algebras: Vir[G] 
and Vir[G ]. About V^ir[G] and Vir[G ], one fact was pointed out in [12] that the 
following Lemma can be obtained by using Theorem 4.2 in [1]. However, it can be 
proved straightforward. 

Lemma 2.3. '^^1 yir[G] ^ Vir[G'] if and only if there exists a E ¥* such that 
aG = G'. 

Proof. Since Vir[G] ~ Vir[G'] ^ Vir[G]/G - Vir[G']/G\ where G and G' are 
the center of Vir[G] and Vir[G ] respectively, we view Kir[G] and Vir[G ] as the 
generalized Witt algebras. Let 6 : Vir[G] -^ Vir[G ] be an isomorphism of Lie 
algebras. Since ¥Lq and FLq are the unique Cartan subalgebras of Vir[G] and 
Vir[G ] respectively, there exists a E W* such that 9{Lo) = aL^. By using 6 to 
[Lo,L^] = xL^, we have x9{L^) = [9{Lo),e{L^)] = a[Lo, 6'(L^)], so 

[L'„e{L^)]=a-''xe{L,). 

Thus a^^x E G since G is the weight set according to the unique Cartan algebra 
FLq. Hence a^^G C G . Similarly, by using 6^^ to [Lq,L ,], we get aG C G. So, 
aG' = G. 

The sufficiency is obvious. This completes the proof of Lemma 2.3. 

Theorem 2.4. g50[G,Q;] and gsofG ,a ] are isomorphic if and only if there exists 
a e¥* such that G = aG, T = aT. 

Proof. Let 9 : g5D[G, a] -^ gs^[G ,a] be an isomorphism of Lie algebras, /, I be 
the maximal ideals of 0Sti[G, a] and 0Sti[G , a ] respectively. By Lemma 2.2, we have 
6 (I) = I , thus there is an isomorphism of the generalized Witt algebras induced by 
9: 

9 : QS\)[G, a] /I -^ gsv[G' , a']/l' . 

By applying Lemma 2.3, there exists a G F* such that 

G' = aG, (1) 

and 9{Lu) = x{u)a^^L' au, for some x ^ Hom{G,¥*). So we can assume 

9{L^)=x{u)a-'L'^^ + m'^^ + yl^. (2) 
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Suppose 9(Ya+y) = Y^ cjY , , + mj . By using 6 to both sides of the identity 

(a + i;)Fa+j, = [Lo, 'Ka+,,], we have 

s 



f J a +1). 



s 
s 

for some m & M . Then we have 

s s 

a^-^ > c / (a' + t;-)F^ , + m' = (a + v) ( > c / F',^ 



By comparing the coefficients, we get 

fj = —a + a(a + f ), V i G {1, ■ ■ ■ , s}. 
Hence s = 1 and 

d{ya+v) = C^^aia+v) + "^d 5 (3) 

where c^ = c_^'+a{a+v)- 

As we know that 9{I) = I , M and M are the centers of / and / respectively, 
so there exists an induced isomorphism 



I I ^ J ^^t 



Q: Y = I/M ^ I /M =Y : 

Thus we have the following isomorphisms of vector spaces: 

Y ^Y ^Y' '^~\ y' 
where tt and tt are the canonical homomorphisms of vector spaces. Thus 



TT 

veG 



^a+v '""*■ (^v^ a(a+v) 



is an isomorphism of vector spaces. Thus a + G = 0(0; + G). This and (1) give us 

G = aG, T = aT. 

On the other hand, if G = aG, T = aT, we define a map 

9 : gsv[G, a] ^ gsv[G' , a] : L„ h^ a'^l'^^, Mu ^-* a'^M'^^, Y^+u ^ a~^F„'(^+„). 

It is straightforward to check that 6 is an isomorphism of Lie algebras. This com- 
pletes the proof of Theorem 2.4. D 

Corollary 2.5. The map: 



6: 


5t) 


= 0Sd[Z, 

^+1 


1] 


— > 050 [G, a] : 
h^ {2a)~'L2ai, 

^ (2a)-V2m+a 



extends uniquely to a Lie algebra isomorphism between SD = gst)[Z, |] and gst)[2ZQ;, a] 

Lemma 2.6. Let G, a, G', a' be as in Theorem 2.4, 6' : 05O[G, a] -^ gs\)[G' , a] be a 
Lie algebra isomorphism. Then 

9{L^) = x{u)a~^L'^^ + ml^ + yj", 
e{M^) = buMi^, 

for some bu,Cv G ¥*,m'^,m'^ G M',y'^ G F' and x G i/om(G, F*), where a G F* 
such that aG = G , aT = T . 

Proof. The first and the third identities are given in the proof of Theorem 2.4 (i.e., 
identities (2) and (3) ), we only need to prove the second formula. Since FMo(resp. 
FMq) is the center of QS\)[G, Q;](resp. gsX)[G' , a]), we have 

e{Mo) = boM',. 

for some 60 G F*. Recall that 6'(/) = /', 6{M) = M' , for u ^ 0, suppose 






i=l 



where -Uj 7^ 0, fe„- 7^ 0. Then we have 

ue{M^) = e{[Lo,M^]) 



i=\ 

n n 

n 



n 



So we have 



n 



n 

Thus 6q = 0, ^{uh,^ — a^^h^u^M^^ = 0. Hence u^ = au, Wi G {1, 2, ■ ■ ■ ,n}, and 
n = 1. This gives 



^(M„) = 6„M,„, Viz G G. 



D 



3. Automorphism group of 0St)[G', a] 



In this section, we first construct three kinds of automorphisms of 0Sti[G, a] which 
are not inner, then determine the automorphism group of 05t)[G', a] completely. 
Throughout this section we always assume that F is an algebraic closed field with 
characteristic 0. 

Lemma 3.1. (i) For any x ^ Hom{T,¥*) and b G F*, the map 

a^ : QSQ[G,a] ^QSX)[G,a]: 

Mu ^ bx{u)Mu, 

is an automorphism of 050 [G, a]. Furthermore, the set {o"^|x ^ Hom(T, ¥*), 6 G F*} 
forms a subgroup oi Aut{Q5\}[G, a]) and this subgroup is isomorphic to {Hom(T, ¥*) x 
F*), where a^'a^' = a»f for 61, 62 G F* and Xi, X2 G Hom{T, ¥*). 

(ii) For any a G S{G,T) := {a G ¥*\aG = G,aT = T}, the map 

iPa : QSV[G,a] ^ QS^[G,a] : 



J-'u 


^~^ i-'au) 


Mu 


^ a'^Mau, 


' a+M 


'~^ 0- ya{a+u) 



is an automorphism of gst)[G', a], and {v^ala G S{G, T)} forms a subgroup oi Aut{Q5X)[G , a]), 
where v^aV^6 = V^at for a, 6 G F*. 

(iii) Denote 

^ := {a = (a„)„gG|('y - M)a«+i, = "wa^ - MOn, a_„ = -a„,V-u,f G G}. 
The map 0^ : gst)[G', a] ^ SSOfG, a]: 

is an automorphism. $ = {0a|a; G A} forms a subgroup of Aut{gs\)[G,a]), where 
0a0b = 0a+6 for a,be A. 

Proof. The proof is straightforward, we omit the details. D 

Theorem 3.2. Let Inn{QS\:)[G, a]) be the inner automorphism subgroup oi Aut{QSV[G, a]). 
Then we have 

Aut{gsv[G,a]) - {{{Hom{T,¥*) x F*) >^ S{G,T)) k <!?) k Inn{QSi>[G,a]). 

Proof. For any 6 G Aut{QS^[G,a]), by Lemma 2.6, we can assume 

OiLu) = Xi (u)a~^Lau + m^ + y^, 
e{Mu) =xiu)a-''Mau, 
diYa+v) = x'(tt + v)a~^Ya{a+v) + ml, 

where xi ^ Hom{G, ¥*), x -T ^ ¥* is a map, a G S{G, T), m^, m^ e M,y^ e Y. 
By applying ^ to both sides of the identities: 



[L_„,M„]=mM, 



0, 



u 



and 

we obtain 

where b = x'(0) G F*, 

and 

for u,v E G. 



x'H = 6xiH, VmgG, (4) 

Xiiu)x'ia + v) = x'iu + v + a), (5) 

x'(a + M)x'(tt + ^^) = x'(M + t^ + 2a). (6) 



Write 

^ r Xi{x), ifxeG, 

\ b^^X i^)^ if X E Gi = a + G, 



and by using (4), (5) and (6), one can easily see that x ^ Hom{T,¥*). By Lemma 

3.1 m 



/) 



a^ : QSQ[G,a] ^QSQ[G,a]: 

Lu ^ x{u)Lu, 

M„ ^ bx{u)M^, 

Ya+v ^ b^xioi + v)Ya+v 

is an automorphism of 050 [G, a]. 

For {a^)~^9 E Aut(gsxt[G , a]) , it is obvious that 



a^) ^6 : 0SD[G,a] ^ QSV[G, 



a\ : 






where mf„,mf^ G M, yf^ G Y. 
Set 



(/?« : 050 [G, a] ^gsolG.a]: 



By Lemma 3.1 (ii), ipa G A-ut(g50[G', a]). Set r = (ipa) ^(o"^) ^^, then r G A-ut(g50[G', a]). 
More precisely 

r(L„) = L„ + m^„ + 1/2';, r(M„) = M„, r(y;+,) = F„+„ + m^„, (7) 

where m^^.ml^ G M, y^;^ G Y. 

Claim. T = {ipa)''^{a^y^6 G Inn{QS)o[G,a]) ■ $. 

In fact, assume 

p q r 

t{Lo) = Lo + ^ a^Mu^ + ^ ^F„+^^, + boYa, riY^) = ^q + X] c^fe^«;fe- 
j=i j=i fe=i 

Applying r to [Lq, Ya] = aYa, we have 

r q r 

fc=l j=l A:=l 

9 



Noting that Wj 7^ 0, a j^ Wk, we have 

q = r, Vk = Wk- 2a, 6„^ = -— . 

Wk — 2a 

These gives us 

r(Lo) = Lo + J2 ^n.M^. + E ^^^^^%^^-.- + ^oV;. (8) 

1=1 fc=l 

Now we construct an inner automorphism tau for gsv[G,a], which is equal to tau 
when acting on Lq and Ya- Indeed, we set 

,/ v^ Cyj,c^^{a - Wj){wj - Wk) 

T = expad{ > — -— -— ■ -— M^ +^^_2a 

i<~^k<r ^^^ ~ 2a){wj - 2a){wj + Wk- 2a) 

expad{- y^ -^Mujexpad{y^ - — '^ — Yw^^-a - —Ya), 
"^ Ui ^ 2a - Wfc a 

Then one can check that the inner automorphism r satisfying 

r'{Lo) = r{Lo),r'{Ya) = r{Ya). 

For any -u G G, we apply r to [Lq, L„] = uLu- For the right side, we have 

ut' {Lu) = ut{Lu) + u{t'{Lu) - r{Lu)). 

For the left side, we have 

[r'(Lo),r'(L„)] = [r(Lo), r'(L„)] = [r(Lo),r(L„) + (r'(L„) - r(L„))] 
= ut{Lu) + [r(Lo), r'(L„) - r(L„)]. 

Thus 

[r(Lo), r'(L„) - r(L„)] = M(r'(L„) - r(L„)). (9) 

Now we prove the following identity. 

r'(L„)=r(L„) + e„M,. (10) 

for some e„ G F. 

Indeed, By using (7) and the definition of r , one can see that 

t\M^)=t{M^)=M^. (11) 
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So [t (Lu), Mj,] = vMu+v Thus r (L„) = L„ + mi + yi for some mi E M,yi E Y. By 
using (7) again, we have r (L„) — r(L„) E M (BY. Assuming 



A:=l Z=l 

By using this along with identities (8) and (9), we have 



s 

a+wi\ 



i=l j=l k=l 1=1 

r s 

= Y ^-"k^kM^^ + ^ du,i {a + Wl)Ya+^^ 
fc=l Z=l 

<J s s 

+ ^ ^ hvjd^liwi - Vj)M2a+wi+Vj + ^ bodyj^WlM2a+wi 

i=i z=i z=i 

fc=i 1=1 

By comparing the coefficients of Fq,+^j we have XlLi "^^^i = X];*=i '^w,(tt + Wi). This 
means d^, = for any / G {1, ■ ■ ■ , s} since u j^ a + Wi. Thus the we get 

r r 

fc=i fc=i 

Furthermore, r = 1, -u = fi. Thus r (L„) — r(L„) = e„Mu. This proves (10). 
For any v E G,v j^ 2a, by (10), we have 

r'{Y^+,) = {a- ^)-V[L„rj = (a - |)-i[r(L,) + e,M„ r(y;)] = r(y;+,). 

For V = 2a, we have 

r'(r3„) = (-3«)-i[r'(L4„),r'(yi„)] = {-3a)-'[r{L,^) +h^M,^,T{Y^^)] = t{Ys^). 

In all cases we get 

r'(r,+,)=r(y;+,), Vt;GG'. (12) 

Define 

: gsDiC, a] ^ 0SD[G', a] : L„ t-^ L„ + e„M„, M^ ^ Mu, Y^+v ^ Y^+v 

By (10), (11) and (12), we have r' = r0. Thus r = r'0"^ G /nn(05O[G, a]) ■ $. 
Which completes the proof of the Claim. 
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By the claim, we have 

e = al^^Tcj)^^ e {HomiTX) x F*) ■ S{G,T) ■ Inn{QSt>[G,a\) ■ $. 

Since Inn{QSX)[G,a]) is a normal subgroup of Aut{QSX)[G , a]) , thus Inn{QSXi[G,a\) • 
$ = $ ■ Inn{QSt)[G^ a]). One can check straightforward that the following two facts 
hold: 

{Hom{T, ¥*) X F*) < {Hom{T, ¥*) x F*) ■ S{G, T), 

and 

$ < {Hom{T, ¥*) X F*) ■ S{G, T) ■ $. 

Thus 

Aut{Q5>o{G,a]) ~ (((iJom(T,F*) x F*) x S{G,T)) x $) x Inn{QSt>[G,a]). 
This completes the proof of the Theorem 3.2. D 

4. Verma modules of gsolG, «] 

In this section we construct and investigate the structure of Verma modules over 
the generalized Schrodinger-Virasoro algebra gsofC, a]. 

Note that T = G U Gi is a subgroup of F, we fix a total order " ^ " on T which 
is compatible with the addition, i.e., x y y implies x + z ^ y + z for any z eT (see 
[4], [9]). We write x >~ y ii x^y and x ^ y. Let 

T+ := {x G T\x >- 0}, T_ := {x G T\x -< 0}. 

Then T = T+ U {0} U T_ and gst)[G, a] has a triangular decomposition: 

QS\j[G, a] = gs\j[G, a]_ © gs\j[G, a]o © &s\j[G, a]+, 

where 



SSD[G, a]_ = FL„ © FM„ © ¥Y^+,, 

0SD[G, a]+ = FL„ © FM„ © ¥Y^+, 

and 0St)[G, q;]o = FLq © FMq. The universal enveloping algebra of gsti[G, a] is given 
by 

f/(gsD[G,a]) = f/(05D[G,a])_?7(0SD[G,a])of/(gsD[G,a])+. 

The elements Li^- ■ ■ Li^Mj^ • • • Mj^Y^+ki ■ ■ ■ Ya+kt^ where r,s,t G N,ii >: ■ ■ ■ >z 
ir,ji '^ ■ ■ ■ h js, ki '^ ■ ■ ■ h kt, along with 1, form a basis of U{gs\)[G, a]). 

Let c,h G F, Vh be a 1-dimensional vector space over F spanned by Vh, i.e., 
Vh = ¥vh- View Vh as a gst)[G, a]o-module such that Lo.f/i = hv^, Mq.vh = cvh- 
Then \4 is a ^ = QSX)[G, «]+ © gsv[G, Q;]o-module by setting gs\)[G, a]+.Vh = 0. 
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Definition 4.1. The induced module V{c,h) = Jnrf^^"'^'"' 14 = U{QS^[G,a]) ®um 
Vh is called the Verma module of 0St)[G', a] with highest weight (c, h). 

Let U := U{qsX)[G, a]). For any c,he¥, let /(c, h) be the left ideal of f/ generated 
by the elements 

{L„, M„, F«+^|m G 6"+, a + t; G Gi+j U {Lq - /i, Mq - c}, 

where G+ = G fl T+, Gi^ = Gi fl T+. Then the Verma module with highest weight 
(c, h) for gst)[G, a] also can be defined as V{c, h) := U/I{c, h). 

By definition, we can easily get a basis of V(c, h) consisting of all vectors of the 
form: 

Vh', L-i^ ■ ■ ■ L_i^M_j^ ■ ■ ■ M_jYa-ki ■ ■ ■ Ya-kt^^h, 

where 

-<ii ^ ■■ ■ ^ir,0 -< ji ^ ■■ ■ ^ js,C( -< h ^ ■ ■■ ^ kt;r,s,t eN. 

Remark. One can see that Mq acts as a scalar c on V{c, h) since WMq is the center 
of 5St)[G, a]. Next, we call a vector v G V{c, h) a weight vector with weight // means 
V satisfying Lqv = jj,v. 

Lemma 4.2. V{c,h) is a weight module of gst)[G, a], and V{c,h) = Q)f^^h-T+y^J., 
where V^ = span{L^i^ ■ ■ ■ L^i^M^j^ ■ ■ ■ M_jYa-k, ■ ■ ■ Ya-kt^h I Y.l=i h - EJ=i Jp - 
X]p=i(<^ — kp) = h — ji} is the weight vector space with weight /x. 

Proof. It suffices to show that Lq acts diagonally on the basis elements of V{c, h). 
By the definition of Vh, LqVh = hvh- Suppose u G V{c, h) such that Lqu = au. Then 

Lo{L^iu) = (a - i)L^iU, Lo{M^ju) = (a - j)M^jU, Lo{Ya-ku) = (a + a - k)Ya-kU. 

Thus Lemma 4.2 holds. D 

We know from [4] that for the fixed total order " >z " of T, either " >z " is dense, 
i.e., ^x eTj^^ the cardinality oi {y E T\{) -< y -< x} is infinite, or " ^ " is discrete, 
i.e., there exists a E T such that the set {y G T|0 ^ y ^ a} is empty. 

For the generalized Virasoro algebra Vir[G] studied in [4], the irreducibility of 
Verma module over l^ir[G] is depends on whether the total order of G is dense or 
discrete (see Theorem 3.1 in [4]). With respect to Verma modules over generalized 
Witt algebras studied in [8], the irreducibility depends on the action of Lq on the 
highest weight vector (see Theorem 3 in [9]). It is very interesting that the irre- 
ducibility of Verma modules over 0Sti[G, a] depends on neither the action of Lq nor 
whether the total order is dense or discrete, we point out that the irreducibility just 
depends on the action of the element Mq. 
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For X G \^(c, /i), we set 



X 



7 ^ 0,i,j_,kL-ii ■ ■ ■ L-i^M_j-^ ■ ■ ■ M_jYa-k^ ■ ■ ■ Ya-kt^h- 

'h,— ,ir,ji,--- ,3s&G+,ki-a-,— ,kt~aeGi+ 

where a^j^fc eW,i = (ii, ■ ■ ■ ,ir), J = (ji, ■ ■ ■ ,js),k = {a - ki, ■ ■ ■ , a - kt), and only 
finitely many aij^k 7^ 0. We define 

^x ■= {i= {hr ■■ ,ir)\aij,k 7^ for some i,k},l = max{r\i = {ii,- ■■ ,ir) e A^}, 

where / = if A^ = 0. We also define / to be the length of the element x, and denote 
it by len{x), i.e., / = len{x). 
For r G N, we set 

Vr := spanf{x\len{x) < r}. 

In what follows, we assume K- = if r < — 1. One can check the following two 
lemmas by straightforward and easy computations. 

Lemma 4.3. (i) 

M,L_ijL_i2 ■ ■ • L^i^M_j^ ■ ■ ■ M_jYa_k^ ■ ■ ■ Y^.^^Vh 

= -j( X^ L-h ■ ■ ■ ^-ip ■ ■ ■ L-i,Mj_i^)M_j^ ■ ■ ■ M_j^Ya-kr ■ ■ ■ Ya-ktVh{modVr-2), 
l<p<r 

for any r EN;j E G+; ^ ii ^ ■ ■ ■ ^ v; -< ji :< ■ ■ ■ ^ js',0 ^ ki — a ^ ■ ■ ■ ^ kt — a, 
where " means the corresponding element is deleted. 



L^M_i,M_i,---M_,^Vh 

l<p<r 

for any r G N; j, ii, ■ ■ ■ , ir G G^. In particularly, 

LjM^i^M_i2 ■ --M.i^Vh = 0, Vj y max{ii, ■ ■ ■ , v}. 

Lemma 4.4. {i)Y^a+jya~kiya-k2 ■ ■ -ya-kt^h = 0, Vj y kt, where a -< ki ^ ■ ■ ■ ^ kt- 

(ii)If Mo.Vh = 0, then YLa+jFa-fci'J^Q-fea ' ' ' ^a-fct^/i = 0, Vj >z h, where a -< ki ^ 
■■■^kt. 

Corollary 4.5. MjVr C V;_i, for any j G G+. 

Proof. It follows Lemma 4.3 (i) immediately. D 

Theorem 4.6. (i) The Verma module V{c,h) is an irreducible gsti[G, a] module if 
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(ii) If c = 0, then the Verina module V{0, h) contains a unique maximal proper 
submodule iV(0, h), where iV(0, h) is generated by {L^^Vh, M^^Vh, ya-vVh\u G G+, v— 
a G Gi+} ii h = 0, by {M^uVh, ya-vVh\u G G+, v — a E Gi+j if /i 7^ 0. 

Proof, (i) Suppose c 7^ 0. Let Mq 7^ be any given weight vector in V{c,h). By 
Lemma 4.2 and the fact that a submodule of a weight module is a weight module, 
we need only to prove that Vh G U{qs\3[G, a])uo. 

Claim I. There exists a weight vector u G U{QSQ[G,a])uQ such that 



u 



y^ %k,M-j^ ■ ■ ■ M_j^Y_ki+a ■ ■ ■ Y_kt+aVh, 



il:--- ,js&G+;ki-a,--- ,kt-a£Gi+ 

where aj^k G F and only finitely many aj^k 7^ 0, j = (j'l, ■ ■ ■ ,js),k= (^i) " " " ? ^i)- 
In fact, suppose 

Uo= ^ 0,hhkL-il ■ ■ ■ L-i,M_j^ ■ ■ ■ M^jYa-ki ■ ■ ■ Ya-ktVh 

- X^ '^i,i,kL-n ■ ■ ■ L-iiM_j^ ■ ■ ■ M_jYa-ki ■ ■ ■ Ya-ktVh{modVi^i) , 

O^ii^—^il, 
a~<ki^---^kt. 

where / = len{uo),i = (ii, ■ ■ ■ ,ir),iika.s above, aij^k G F. 

If / = 0, there is nothing to prove. Now suppose len{uQ) = / > 1, we denote 

if^ ■=max{ii\{ii,--- ,ii) G A„„}, 

where A„,) := {i\i = (ii, ■ ■ ■ ,ii), cii,j,k 7^ for some j,k}, then by using Lemma 4.3 
(i) and Corollary 4.4 we can deduce that 

ui = M.(o)Uo = ^ ajj,fcM.(o)L_jj ■ ■ ■ L_i^M_j^ ■ ■ ■ M_jYa-ki ■ ■ ■ Ya-ktVh 

s t 

it is clear that -Ui 7^ and len{ui) = 1 — 1. 

Repeating the precess and define Ug recursively for s = 2, ■ ■ ■ , /, one obtains the 
claim. 

Claim II. There exists an weight vector w G U{qs\:)[G, a])uQ such that w takes the 
following form 

w = ^ «j^-ii ■ ■ ■ M_j^Vh. 

s>0,jidi-dijs;ji,--- ,js&G+ 
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In fact, by Claim I, we know that there is a weight vector u G U{QSV[G,a])uo 
such that 



u 



7 ^ ^lA-^-Jl ' ' ' M-ja'^-ki+a ■ ■ ■ y~kt+aVh- 



ki^---^kt;ji,--- ,js&G+ 
ki—a,--- ,kt—a£Gi+ 

Set 

B := {k = (ki, k2,- ■ ■ , kt)\aj^k 7^ for some j}, k^^' = max{kt\k G B}. 
Then by Lemma 4.4, we have 

Noting that Wi ^ and Wi G U{qsv[G, a])uQ is a weight vector. One repeats the 
precess to get Claim II. 

From Claim II we know that there exists a weight vector w G U {qsv[G , a\)uo 
such that it has the following form 

w = ^ cij^-h ■ ■ ■ M^j^Vh- 

We define 

length{w) = max{s\i = (ji, ■ ■ • ,js),aj_ ^ 0}. 

\i lengthiw) = 0, then Vh G U{QS\j[G,a])uo and (i) holds. Now suppose length(w) > 
0. Denote j^^^ = max{js\j = (ji, ■ ■ ■ ,js), cij 7^ 0}. By applying Lj(o) to w and using 
Lemma 4.3 (ii), we have 

It is clear that 

length{wi) < lengthiw). 

Repeating the precess, we obtain 

7^ Wg = aM^Vh = acvh G U{gs\j[G, a])uo 

for some 7^ a G F. So f /^ G U{q5\j[G, a])uQ and V{c, h) is irreducible. 

(ii) If c = 0, /i = 0, by the definition of A^(0,0), one knows that all the basis 
elements of V(0,0) except Vh are clearly in A^(0,0). It suffices to show that Vh 4- 
A^(0,0). For any weight vector v G A^(0,0), suppose the weight of v is /i, and 
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for any basis element Li^- ■ ■ Li^Mj^ ■ ■ ■ MjYa+ki • • • ^a+kt oi U{g5\3[G, a]) such that 
Ep=i h + Ep=iip + Ep=i(" + K) = -/^' we have 

Lij ■ ■ ■ Li^Mj^ ■ ■ ■ MjYa+ki ■ ■ ■ Ya+ktV = aLoVh + hM^Vh = 0, 
for some a, 6 G F. This imphes that Vh ^ ^(0, 0). 

If c = 0, /i 7^ 0, similarly as above, we can see that U{LJ) ^ N{0,h), where 
L_ = (Bu^o^Lu- This means that A^(0, h) is a proper submodule of V^(0, h). Suppose 
V is any submodule of V{0, h) such that V 2 ^(0, h), then there exist ii, ■ ■ ■ , v ^ 
G+, r e^ such that L_j, ■ ■ ■ L_i^Vh G V. If r = 0, then Vh & V and V" = 1/(0, h). 
Suppose r > 1. We denote i = ii+ i2 + • • ■ + ir, then 

LjL.jj ■ ■ ■ L^i^Vh = {-'^Yi'i + ii){i - ii + i2) ■ ■ ■ {i - h - ^2 V-i + ir)hvh G V. 

Since (— l)''(i + ii)(i — ii +22) ■ ■ ■ (^ — "^i — "^2 — ■ ■ ■ — V-i + ir)h 7^ we have Vh & V 
and V = V{0, h). So A^(0, h) is the unique maximal proper submodule of V{0, h).\I\ 

Remark. V{0,0)/N{0,0) ~ F is a trivial module of g5V[G,a]. V{0,h)/N{0,h) ~ 
U{LJ) as vector space. 

Acknowledgements. We would like to thank Prof. Kaiming Zhao for providing 
the proof of Lemma 2.3. 
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